We elaborate on the recent claim [1] that non-perturbative effects in α , which are at the core of the FZZ duality, render the region just behind the horizon of the SL(2, R) k /U (1) black hole singular already at the classical level (g s = 0). We argue that the 2D classical SL(2, R) k /U (1) black hole could shed some light on quantum black holes in higher dimensions including large black holes in AdS 5 × S 5 .
The paper is organized as follows. In the next section we point out a relationship between the BH singularity and the reflection coefficient of a wave that scatters on the BH at high energies. We also illustrate this relationship for the Schwarzschild BH. In section 3 we consider this relationship in the case of the SL(2, R) k /U (1) BH at the SUGRA level. In this case, both the background and the reflection coefficient are known exactly. We show that they fit neatly with the relationship of section 2. In section 4 we study the SL(2, R) k /U (1) BH including perturbative corrections in α . Here too, both the background and the reflection coefficient are known exactly and we show that they agree with the relationship of section 2. In section 5 we consider the exact SL(2, R) k /U (1) BH on the sphere (g s = 0), including non-perturbative corrections in α . The reflection coefficient is known exactly, but the background is not. We use the results of section 2 to learn about the structure of the singularity in this case. We find that the non-perturbative corrections in α push the singularity all the way to the horizon. Section 6 is devoted to discussion.
The reflection coefficient and the BH singularity
In this section we point out a relation between the BH singularity and the reflection coefficient at high energies.
When probing a target with a wave it is standard that the S-matrix elements at high energies are most sensitive to the singular features of the potential associated with the target. There are (at least) two reasons not to expect this to hold for BHs:
1. As we increase the energy most of the wave gets absorbed by the BH and there appears to be little information outside the BH that can be used to probe the BH singularity.
2. The BH singularity is surrounded by the horizon. Causality implies that a wave that probes the singularity cannot escape back to infinity and, in particular, it cannot contribute to the reflection coefficient.
Point (1) above makes it hard to imagine that there is a relation between the BH singularity and the reflection coefficient at high energies and it seems that point (2) makes it impossible. Nevertheless, we shall see that such a relationship does exist due to a (hidden) symmetry in the scattering problem associated with the BH. When considering the problem of scattering a wave off a BH it is useful to use the tortoise coordinate x, along with the usual Schwarzschild time t. They are related to T R Horizon Asymptotic Region Figure 1 : BH Scattering in tortoise coordinates. A wave arriving from the asymptotic region (x = ∞) is scattered off the potential. At high energies, most of the wave reaches the horizon (x = −∞) and absorbed by the BH, while a small fraction (R 1) is reflected back.
Kruskal coordinates in the following way
The tortoise coordinate covers the BH exterior such that in the asymptotic region, x = ∞, and at the horizon, x = −∞. What is particularly nice about the tortoise coordinates is that the wave equation takes the form of a Schrödinger equation:
where ω is the energy (conjugate to t) of the mode. Therefore, the relation between V (x) and the reflection coefficient, R(ω), is the usual one known from quantum mechanics. Consequently, we use the Born approximation to compute R(ω) at high energies, as described below. We consider a process where an incoming wave arrives from x = ∞. At high energies most of it gets across the potential, reaches x = −∞ and gets absorbed by the BH. Some of it is reflected back to x = ∞ (see figure 1 ). This emphasizes the claim that the reflection coefficient cannot be sensitive to the BH singularity as the whole process happens outside the BH.
There is a symmetry in this scattering process that turns out to be quite powerful.
Eq. (2.1) imply that points related by
should be identified. If we divide the maximally extended manifold into regions in the usual way (see figure 2 ), then we see that keeping t intact while taking x → x ± iβ keeps us in the same region. Therefore, the potential V (x) is periodic in imaginary x,
Keeping t intact while taking x → x ± iβ/2 takes a point in region I to its mirror in region III. The potential in region III is identical to the potential in region I, hence the periodicity is in fact
Taking x → x ± iβ/4, while t → t ± iβ/4 takes a point in region I to a point in region II (and IV). This fact and the periodicity of the potential will play a key role in what follows.
Going back to the scattering process, at high energies (compared to 1/β, that is the scale in the problem) we can use the Born approximation in 1D to calculate the reflection coefficient, 6) with p the momentum which we take to be equal to the energy ω (i.e. we consider massless fields).
Instead of performing the integration from x = −∞ to x = ∞, let us consider the integral in the complex x-plane
along a contour, C, that we now specify. Let us start with the simplest case in which V (x) has no branch points. This case is relevant for the setup considered in next section. In this case we take the contour C to be as plotted in figure 3 . The contribution to the integral of the two vertical lines vanish since the potential vanishes at x = ±∞. Because of the symmetry (2.5) the contribution of the two horizontal lines is identical up to a factor of e βp . With the help of the residue theorem we get,
where the sum runs over the poles of V (x) within the rectangle.
Since the poles in V (x) are related to the BH singularity, (2.7) relates the reflection coefficient at high energies with the BH singularity. Roughly speaking, what happened is that the symmetry (2.5) allowed us to surround the singularity (in the complex plane) and by doing so evading the arguments from the beginning of the section that explain why there can be no relation between the singularity and the reflection coefficient.
We are interested in the high energy limit. In that limit we can ignore the factor of '1' on the left hand side of (2.7) and the main contribution to the right hand side comes from the poles closest to the line Im (x) = β/2. We end up with
at the UV.
Next we consider cases in which there are branch points as well. It turns out [13] that generically, branch points coincide with poles of the potential, yet the leading contribution comes from the poles. Let us illustrate this in the case of a 4D
Schwarzschild BH. In that case the tortoise coordinate is related to the radial direction in the Schwarzschild solution by
On the complex x-plane, the singularity is at x = iβ/4 with β = 8πM . Near the singularity, the potential behaves as,
where we kept only the two leading terms. As can be seen, there is indeed a branch point at the singularity. We chose a cut that extends to infinity and deform the contour accordingly (see figure 4 ). Compared to figure 3, the new additions to the contour are the small circle, I , and parallel lines that run on either side of the cut, I ± . I receives contributions only from the first term in (2.10) and is simply
That is, as expected, it behaves as a pole.
Since V (x) goes to zero at infinity, in order to calculate I ± to leading order in the large p limit it suffices to treat V (x) as if it behaves as in (2.10) all the way up to infinity. Here, only the discontinuous term in (2.10) contributes and we have,
which is sub-leading compared to I .
In [13] we consider various black holes at the general relativity level and among other things show that the fact that contributions from branch cuts turn out to be sub-leading is generic. The singularity is a branch point and the cut extends to infinity, parallel to the real line.
In this section we consider (2.8) for the SL(2, R) k /U (1) BH at the classical (in α ) level. Namely we are ignoring all α corrections. Thoughout the paper we set g s = 0, so in this section we are working at the GR (or SUGRA) level. In this case, both V (x) and R(p) are known exactly. Hence, we are basically verifying that the relation (2.8)
works as expected. Classically, the SL(2, R) k /U (1) BH is described by the background [14] [15] [16] ,
where Φ is the dilaton and we work with α = 2. The wave equation in this background, in a Schrödinger form, has
The potential is periodic with β = 2π √ 2k and there are no branch points. There is, however, a single pole in the strip at x = iβ 4 (see figure 5 ). The Laurent series around the pole reads,
Figure 5: Poles of the potential (3.2). It has one pole at the center of the strip, x = iβ/4, and infinitely many copies due the periodicity x → x + iβ/2.
Thus, according to (2.8), 4) to leading order in large p.
The exact reflection coefficient in this case is [17] 
Using the on-shell condition and taking the large energy limit we indeed find (3.4).
The bosonic SL(2, R) k /U (1) BH receives α corrections already at the perturbative level. In this section we discuss different aspects of these corrections and show how they fit neatly with (2.8).
Because of the underlying SL(2, R) structure the perturbative α corrections can be computed exactly for the SL(2, R) k /U (1) BH background [17] . The underlying SL(2, R) determines L 0 andL 0 in terms of quadratic derivatives of the target space coordinates. This, in turn, determines the effective background associated with the SL(2, R) k /U (1) BH. By effective background we mean a background that involves only the dilaton and metric, such that the Klein-Gordon equation associated with it gives the L 0 andL 0 that are determined by the SL(2, R) structure. The effective background that takes into account perturbative α corrections, reads [17] 
We see that this background indeed has 1/k corrections compared to (3.1). These are naturally interpreted as perturbative α corrections. In particular, as expected, for large k the effective background is regular at the horizon (ρ = 0). Note that the inverse temperature does not receive any corrections and remains β = 2π √ 2k.
The α corrections are expected to become important near the singularity. Indeed, they shift the curvature singularity from ρ = iπ k/2 in the classical case to
Note that, as expected, the shift is of order 1 in stringy units even in the large k limit.
On top of the curvature singularity there is a dilaton singularity at
that is too a stringy distance away from ρ ± . So the classical singularity splits into three singularities.
To proceed, we have to determine the location of these singularities in the tortoise coordinate plane (see figure 6 ). The tortoise coordinate for this metric reads,
where,
Hence, the three singularities, ρ = ρ 0 , ρ ± , correspond to C(ρ) = 0, ± 2 k .
On the x-plane, the singularities ρ 0 , ρ ± are mapped to,
The singularity that is closest to the line Im (x) = β/2, is at x + . The potential associated with this background is,
where ρ = ρ(x) is the inverse function of (4.4). Expanding near x + we find the leading singularity to be
We note that, as for the case of the Schwarzschild BH, sub-leading terms of V (x) near x + (and also x − ) will give rise to branch cuts. But, as discussed in section 2, in the high energy limit, it gives sub-leading contributions to R(p) and can be ignored.
Therefore, in the UV we can simply use (2.8) and find the reflection coefficient to be
We are now in a position to compare this result to the exact reflection coefficient that takes the form
that indeed agrees with (4.9) at the UV.
Exact SL(2, R) k /U (1) BH
The supersymmetric SL(2, R) k /U (1) BH does not receive perturbative α corrections, but it does receive non-perturbative α corrections.
The non-perturbative α corrections to the effective background are not known, but the reflection coefficient, including non-perturbative α corrections, is known exactly (on the sphere) [8, [18] [19] [20] . Our goal in this section is to take advantage of the relation, It is only natural to suspect that, just like the case of perturbative α corrections, non-perturbative α corrections will significantly affect the potential only at a stringy distance away from the semi-classical singularity and that in particular, the horizon will receive tiny corrections. In terms of the tortoise coordinates this means that we expect significant modifications at a distance of the order of 1/ √ k away from iβ/4. At first sight, this seems to be the case since the exact reflection coefficient takes the form
where R class. is given in (3.5) . If the asymptote of θ(p) was cp, then the location of the singularity would have been shifted by an amount c/2 along the (negative) real direction of x, as could be seen from (2.6). The reasoning above suggests that we should expect to find c ∼ 1/ √ k. However the calculation of Teschner [8] (see also [18] [19] [20] ) implies a drastically different result: 2) which means that at the deep UV, |p|
In [9] it was shown that in the Euclidean setup this surprising result follows naturally from the FZZ duality. Eq. (5.3) implies that as we increase the momentum, the singularity is pushed further towards the horizon. This suggests that instead of a singular point, we should consider a cut that goes all the way to the horizon.
To study this in more detail we note that for p 1/ √ k the reflection coefficient takes the form Assuming there is no drama at the asymptotic region and that at the horizon, the integral along each of the vertical lines vanishes, the result reads
where V is the discontinuity of the potential in the imaginary direction
Hence, in the deep UV, we have
which, roughly speaking, means that V along the line Im (x) = β/4 is the Fourier transform of p e iθ(p) .
Before we use (5.7) to determine how the potential is modified due to the additional non-perturbative phase, e iθ(p) , we wish to illustrate how (5.7) fits neatly with the semiclassical case, discussed in section 3. In this case we have e iθ(p) = 1 and (5.7) gives Since the discontinuity of 1/x is −2πiδ(x), we see that the potential leading singularity is
in accordance with (3.3). Next we consider R exact . Plugging in (5.2), we have 2 ,
where J 0 is the Bessel function of the first kind. This is quite different from what we had before. The discontinuities we encountered so far were localized near the GR singularity. Here, however, V extends all the way to the horizon. In fact, near the horizon (from within the BH), x → −∞, it behaves as, 11) which diverges at the horizon while wildly oscillating. Therefore, so must the potential.
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We re-emphasize that in order to see this structure one has to probe the SL(2, R) k /U (1) BH with energies that scale like √ k [1] . An external observer that probes the BH with energies only up to the string scale will conclude that its interior is the standard one up to distances of order 1 from the singularity.
The Euclidean analog of that statement was discussed a couple of years ago [9] . There it was shown that for large k the way one should think about the FZZ duality is the following: at low energies (compared to √ k) the proper description is in terms of the standard cigar geometry, but high energy modes are sensitive to the sine-Liouville structure.
We expect quantum fluctuations to be quite sensitive to the difference between (5.11) and the standard GR potential. This implies that the stringy phase, that is at the core of the FZZ duality, should affect Hawking's original argument [21] quite considerably. Similar conclusion was obtained in [22] for the Hartle-Hawking wave function.
Discussion
In this paper we elaborated on the argument of [1] that the region just behind the horizon of a classical SL(2, R) k /U (1) BH is highly non-trivial. Below we discuss various comments and questions related to this claim.
Background vs. effective background
Strictly speaking, we did not show that the background just behind the horizon is singular. What we showed is that the effective background, that involves only the dilaton and the metric, is singular just behind the horizon. The effective background is the background for which the Klein-Gordon equation gives the exact reflection coefficient. It is obtained by integrating out irrelevant terms in the action. This naturally raises the possibility that it is only the effective background that is singular and not the background.
We find this possibility to be unlikely. To have a singular effective background while having a regular background, the action should include irrelevant terms, which we denote by X, with the following properties. The background that follows from SUGRA and X (and possibly other irrelevant terms) is regular at the horizon. However, upon integrating out X we get a singular background at the horizon. This implies that at the horizon X couples strongly to the SUGRA action that includes the metric and the dilaton. Therefore a dilaton/graviton wave that propagates in the BH background should too couple strongly to X at the horizon. In other words, such a wave will experience a non-trivial horizon.
Perturbative α corrections illustrate this neatly. As reviewed in section 4, the effective background that takes into account the perturbative α corrections to the reflection coefficient is regular at the horizon. This is in accord with the fact that perturbative α corrections are small at the horizon of a large BH. This, however, also raises an interesting issue that we discuss below.
Effective description
Our discussion implies that there should be non-perturbative corrections (in α ) to the SUGRA action that is sensitive to the location of the horizon. But is it possible, even in principal, to write down a term that respects diffeomorphism invariance and is sensitive to the location of the BH horizon? Naively, the answer is no. All higher order terms, such as R αβγδ R αβγδ , appear to be smooth, small and not sensitive to the location of the horizon.
It turns out that the situation is more interesting [23] . In the case of a spherically symmetric BH the following operator
is sensitive to the location of the horizon as it flips sign there: it is positive outside the BH, vanishes at the horizon and negative inside the BH. Thus, it can be considered as a horizon order parameter.
With the help of O we can write down effective actions that render the BH interior special [23] . For example, we can have a scalar field, a, whose kinetic term is O ∇ µ a∇ µ a. In flat space-time it vanishes and a is an auxiliary field. Outside the BH, a has a normal positive kinetic term, but inside the BH it has a negative kinetic term. This implies ghost condensation [24] . In such a scenario, the interior of the BH is in a different gravitational phase. The amount of ghost condensation is determined by higher order terms [24] and one can construct an effective action in which the ghost condensation blows up just inside the horizon. Such an effective action might capture some of the qualitative features discussed above.
Since the SL(2, R) k /U (1) BH is two dimensional it is similar in that regard to a spherically symmetric BH. Hence it is possible that operators similar to O are generated non-perturbatively in α and are responsible for the drama we encounter at the horizon. In fact, in this case there is a simpler operator
that flips sign at the horizon. Whether non-perturbative α corrections indeed generate terms that involve operators similar to O 2D or O in the effective action associated with the SL(2, R) k /U (1) BH background is a fascinating question that is beyond the scope of this paper.
In non spherically symmetric situations O is not sensitive to the location of the horizon [23] . This suggests that if there is a horizon order parameter in higher dimensions it should be non-local. This issue is related to the question discussed in the next point.
Other Black holes
In light of the results presented in this note should we expect other BHs, such as the Schwarzschild BH, to admit a structure at the horizon classically (g s = 0) in string theory? We would like to argue that the answer is no and that this is a special feature of the classical SL(2, R) k /U (1) BH that can teach about other quantum BH.
The reasoning is the following. In the SL(2, R) k /U (1) BH case the origin of the structure just behind the horizon is the extra stringy phase in the reflection coefficient.
As shown in [9] , in the Euclidean case the extra stringy phase follows from the FZZ duality [10, 11] . Hence the wrapped tachyon field that condenses at the tip of the cigar is believed to be the seed for the extra stringy phase. The SL(2, R) k /U (1) BH appears in string theory as the near horizon limit of k near extremal NS5-branes [25] .
Some other BHs can be obtained from it using U-duality and so we can make some qualitative comments about these BHs too.
For example, the near horizon limit of near extremal D5-brane [26] is obtained from the SL(2, R) k /U (1) BH via S-duality. The wrapped tachyon is a non-supersymmetric mode that is not protected by SUSY under S-duality. Still, it is natural to suspect that it transforms into a mode of a wrapped D1-brane located at the tip of the cigar associated with the Euclidean near extremal D5-branes. In any case, there is no reason to expect it to remain classical under S-duality. This suggests that the horizon of near extremal D5-brane is smooth at the classical level and that only at the nonperturbative quantum level it admits a structure. Now suppose that we compactify the D5-branes on a T 2 with radius R. Taking R → 0 makes it more natural to work in the T-dual picture which takes us to a large black hole in AdS 5 × S 5 [27] . T-duality takes the D1-brane to a D3-brane which seems to suggest that the analog of the wrapped tachyon in this case might be a nonsupersymmetric cousin of the giant gravitons discussed in [28] [29] [30] . At any rate, in the case of a large BH in AdS 5 we expect the horizon to be regular at the classical level, and to admit a structure only due to highly quantum and non-local (because of the T-duality) effects. This is consistent with the discussion in the previous item that a horizon order parameter in higher dimensions must be non-local.
To summarize, our current understanding is that the classical SL(2, R) k /U (1) BH appears to capture aspects of the physics associated with quantum BHs in higher dimensions. In particular, it admits a non-trivial structure just behind the horizon.
The reason for this surprising result is not manifest in the Lorentzian setup, but in the Euclidean setup it was shown that the analog of the horizon -the tip of the cigar -acts too in surprising ways [9, 12, [31] [32] [33] . The origin of this is believed to be the FZZ duality [10, 11] . Understanding the generalization of the FZZ duality to the Lorentzian signature should considerably improve our understanding of the results presented here. Even without a Lorentzian generalization of the FZZ duality progress can be made.
The fact that the classical SL(2, R) k /U (1) BH is an exactly solvable model makes it possible to study the non trivial horizon with the help of higher point functions. As discussed above, this could shed like on the properties of horizons associated with quantum black holes, including black holes in AdS 5 × S 5 backgrounds.
